We use cosmography to present constraints on the kinematics of the Universe, without postulating any underlying theoretical model. To this end, we use a Monte Carlo Markov Chain analysis to perform comparisons to the supernova Ia Union 2 compilation, combined with the Hubble Space Telescope measurements of the Hubble constant, and the Hubble parameter datasets. We introduce a sixth order cosmographic parameter and show that it does not enlarge considerably the posterior distribution when comparing to the fifth order results. We also propose a way to construct viable parameter variables to be used as alternatives of the redshift z. These can overcome both the problems of divergence and lack of accuracy associated with the use of z. Moreover, we show that it is possible to improve the numerical fits by re-parameterizing the cosmological distances. In addition, we constrain the equation of state of the Universe as a whole by the use of cosmography. Thus, we derive expressions which can be directly used to fit the equation of state and the pressure derivatives up to fourth order. To this end, it is necessary to depart from a pure cosmographic analysis and to assume the Friedmann equations as valid. All our results are consistent with the ΛCDM model, although alternative fluid models, withnearly constant pressure and no cosmological constant, match the results accurately as well.
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I. INTRODUCTION
Ever since the pioneering works of two separate groups in 1998 [1], cosmological observations indicate a late time accelerated Universe. More recently, additional evidence coming from other experiments [2, 3] confirms that the Universe is going through an accelerated expansion. Thus, the existence of the acceleration is assumed to be a consolidated feature of cosmology [4] . Unfortunately, the physical mechanism from which this cosmic speed up originates is still unclear; the common way to deal with this is to assume, in addition to the standard matter term, the existence of a further exotic fluid which influences the dynamics of the Universe [5] [6] [7] [8] . Due to the lack of knowledge on the physical nature of this fluid, we usually refer to it as dark energy (DE). So far, DE is only observationally witnessed, while the micro-physics behind it remains totally undisclosed [9] [10] [11] [12] [13] . One of the most dubious properties of DE is that it exhibits a negative equation of state (EoS) parameter, counteracting the attractive action of gravity [14] . The need of a negative pressure hints at the non-baryonic nature of DE, since no common matter is expected to show such a property. Besides that, the total amount of cosmological matter in the Universe appears to be dominated by a non-baryonic Consequently, our knowledge of the correct cosmological model seems to be lacking of some ingredients. However, in order to investigate the effects of DE and DM in Einstein's equations, one introduces a common energy momentum tensor with a pressureless term, i.e. P m = 0, describing the total visible and non-visible matter content, and an additional term with a negative pressure to represent DE [17] . Together with these assumptions, one generally considers a homogeneous and isotropic Universe, depicted by the Friedmann-Robertson-Walker (FRW) metric, ds 2 = −c 2 dt 2 + a(t) 2 (dr 2 /(1 − kr 2 ) + r 2 sin 2 θdφ 2 + r 2 dθ 2 ). In addition, observations of the large scale geometry of the Universe suggest a spatially quite flat Universe, so hereafter we will assume k = 0. To account for the effects of DE, the simplest and most tested assumption deals with the introduction of a cosmological constant term Λ into the Einstein equations. According to quantum field theory, the constant is interpreted as a vacuum energy contribution, and naturally leads to a negative EoS parameter with a positive energy density and negative pressure. The corresponding model, which is straightforwardly derived by solving the Einstein equations with the cosmological constant, is known as ΛCDM [18] , a model which by now achieved the status of the standard cosmological model. The reason which induces cosmologists to assume this particular model to be the standard one is that it excellently fits all observational data with high precision [19, 20] . Moreover, it is only relying on a remarkably small number of cosmological parameters, without any ad hoc additional terms [21] . Unexpectedly, observations show that both the magnitudes of matter and Λ are comparable at our time. Indicating with Ω m and Ω Λ the magnitudes of matter and DE respectively, observational bounds show that Ω Λ /Ω m ≈ 2.7. This feature implies a strange and unexpected coincidence problem -because DE is expected to evolve separately from matter, it is quite astonishing to imagine that near the present time the two magnitudes should be so close to each other.
On the other hand, another uncomfortable shortcoming plagues the standard model. The observational limits on the magnitude of the cosmological constant disagree with the predicted value for about 10 123 orders of magnitude, leading to a serious fine-tuning problem [22] . This deeply disturbs the otherwise appealing picture of a cosmological constant and, together with the coincidence problem, dramatically afflicts the standard cosmological paradigm. Despite its success in explaining the observational data, the ΛCDM model is therefore theoretically incomplete 1 , or at least not well understood. Motivated by these defects, a mare magnum of different models has been proposed during the last decades; as a short sample see [25] and references therein. In this work we wonder whether the cosmological constant must be considered as the real unique explanation of DE, or if there exists a hidden mechanism behind the nature of the cosmic speed up. An enticing way to understand if ΛCDM is the favorite candidate for DE is represented by the analyses through model independent tests. Such procedures should be able to disclose the fundamental nature of DE without postulating a certain model a priori. In this way, it would be possible to analyze the dynamics of the Universe without imposing a cosmological constant from the beginning. If Λ really exists, no significant deviations from a constant EoS must be found by model-independent tests. As a consequence, it is necessary to inquire how much of modern cosmology is really independent of the Friedmann equations [26, 28] . In other words, distinguishing between kinematics and dynamics is viewed as a tool to discriminate fairly among models, in order to reveal the correct cosmological paradigm.
Surely one of the most powerful model independent approaches is represented by cosmography [29] . Cosmography, sometimes also referred to as cosmo-kinetics, was first discussed by Weinberg in [19] and then extended by Visser in [26] . The underlying philosophy of cosmography is to involve the cosmological principle only. So, the FRW metric is the only ingredient that cosmography uses for obtaining bounds on the observable Universe. Cosmography permits us to infer how much DE or alternative components are required in regard to satisfy the Einstein equations. The idea is to expand some observables such as the cosmological distances or the Hubble parameter, into power series, and relating cosmological parameters directly to these observable quantities. In doing so, it is possible to appraise which models behave fairly well and which ones should be discarded as a consequence of not satisfying the basic demands introduced by cosmography. So cosmography strives for the development of a procedure able to constrain the kinematics of the Universe.
In this paper, we present an extension of the promising approach debated in Visser et al. [29] ; we devote our efforts both to constraining ΛCDM and investigating whether it is the only possibility to explain the cosmological acceleration, or whether there are prominent alternatives [30] . In particular, we adopt the idea of cosmography developed in [26, 29, [31] [32] [33] [34] and we improve it, by assuming an extended class of fitting quantities, assembled by a number of different cosmological distances. For theoretical reasons, which we will discuss in the next sections, we introduce new parameterizations of the redshift variable besides z, in order to improve the fitting procedure. These parameterizations are designed to reduce the problems associated to the experimental analysis at redshift z > 1. Thence, we make use of the most recent data of the Union 2 supernovae Ia (SNeIa), of the Hubble Space Telescope (HST) measurements of the Hubble factor, and of the H(z) compilations [35] , through a Markov Chain Monte Carlo (MCMC) method, by modifying the publicly available code CosmoMC [36] . Afterwards, we also include a parametrization of the cosmological distances in terms of the EoS of the Universe as a whole and of their pressure derivatives. This allows us to directly fit the EoS of the Universe without having to undergo disadvantageous error propagation. In doing this, we assume the validity of the cosmological principle, and of General Relativity, since for this analysis it is necessary to invoke the Friedmann equations. This gives us certain constraints on the EoS and on the pressure derivatives in the framework of General Relativity.
The paper is organized as follows. In Sec. II we discuss the physics behind the concept of cosmography and its implications for modern cosmology in more detail; we introduce the new cosmographic coefficient m, and discuss how to build up a viable alternative parametrization to the redshift z. We then propose three new parameterizations and we study their properties, in view of the fitting procedure. In Sec. III we apply these recipes and present the results of the cosmographic fits by a numerical MCMC analysis. Section IV deals with the concept of the EoS; in particular we relate the EoS and the derivatives of pressure to the luminosity distance, in order to carry out a direct fit to cosmological data. We use these results to derive constraints on ΛCDM and the most generic DE model, characterized by the function G(z), reducing to G(z = 0) = 1 − Ω m at z = 0. In Sec. V finally we draw conclusions and give an outlook to further paths of investigations.
II. THE ROLE OF COSMOGRAPHY
In this section we focus on the role of cosmography in modern cosmology. Its aim is the study of the kinematic quantities, characterizing the cosmological scenario. For this reason, cosmography is also called cosmo-kinetics, or kinematics of the Universe. We therefore limit ourselves to the smallest number of assumptions possible. First, we presume the validity of the cosmological principle. Second, we suppose that the EoS of the Universe is determined by a non-specified number of different cosmological fluids 2 . We assume that the total pressure of these fluids, namely P , can be written as P = i P i , and its total EoS parameter ω = i P i / i ρ i . Here the index i runs over all the involved cosmological fluids. Following these assumptions, the paradigm of cosmography was first developed by Weinberg [19] , who proposed to expand the scale factor in terms of a Taylor series around the present time t 0 3 . Following these recipes, it is natural to expect that many other physical quantities of interest, apart from a(t), can be expanded as well. The power series coefficients in the expansion of the scale factor are known in the literature as cosmographic series (CS), when evaluated at our time t 0 ; these quantities are related to the scale factor derivatives.
A feasible consequence of this prescription is that cosmography does not depend on the choice of a cosmological model. As a matter of fact, almost all cosmological tests assume a priori that the model under consideration is statistically favored; however, this creates a degeneracy among models and often it remains difficult to understand which model is really favored. Cosmography is, among various cosmological tests, one of the ways to alleviate that degeneracy. However, although cosmography is reviewed as a model independent procedure, a few words should be spent regarding the role of the spatial curvature, k. In particular, modern cosmological data are not enough at present to fix stringent convergence limits on the CS and k. It is possible to show that the term proportional to the (present) "variation of acceleration", i.e. j 0 , cannot be measured alone. Defining the curvature density as Ω k ≡ Ω 0 − 1, where Ω 0 represents the total density of the Universe, then one measures j 0 + Ω 0 [37] . Motivated by WMAP 7 results [20] , we propose here to restrict the analysis to the spatially flat case, in which k = 0. This naturally overcomes the dependence of j 0 on Ω 0 , letting cosmography be independent of any particular cosmological framework. Now we have all the ingredients to expand the scale factor into a series, yielding
where we truncated the series at the sixth order in ∆t ≡ t − t 0 . Here, we assume that t − t 0 > 0. Moreover, the constant a 0 is the scale factor evaluated today. Without loss of generality, it is licit to identify hereafter a 0 = 1. Equation (1) can be recast as
with the definition of the cosmographic coefficients as
Having an expansion for a(t) is equivalent to having an expansion of the redshift z, in terms of H 0 ∆t (see [38] ).
As previously stressed, Eqs. (3), if evaluated at our time, are referred to as the CS. The subscript "0" in Eq.
(2) indicates that the coefficients are evaluated at t = t 0 . In particular, each term has its own specific physical interpretation. For example, q, the so-called acceleration parameter, specifies whether the Universe is accelerating or decelerating, depending on the sign. An accelerating Universe leads to −1 ≤ q 0 < 0. On the contrary, a positive j 0 implies that q changes sign as the Universe expands, and so forth for all the rest of the parameters. We usually attribute the names of jerk and snap to j and s respectively; so far, no universal name is associated to l. Here, we additionally introduce m as a further higher order term. It is useful to combine the CS among themselves and express them in terms of each other, yielding
H 6 + 10j 2 + 120j (q + 1) + 3 2l + 5 24q + 18q 2 + 2q 3 − 2s − qs + 8 .
Here, the dots and the numbers in brackets indicate the derivatives with respect to the cosmic time. By converting the derivatives in Eq. (4) from time to redshift, and inverting the relations, we can obtain the Hubble parameter as an expansion in terms of redshift, H(z) (the results can be found in Appendix B). Analogously, we can also expand other observable physical quantities in order to fit the cosmological data with the obtained functions.
It would be interesting to expand commonly used notions of cosmological distances to the same order of the Taylor expansion as the scale factor before. To this end, let us now introduce several examples of distances between two objects in cosmology, following the prescriptions given in [31] . Here, we state the luminosity distance d L and other four alternative distances, namely the photon flux distance d F , the photon count distance d P , the deceleration distance d Q and the angular diameter distance d A . These distances are defined as
The last four notions of distances are less commonly used in literature. Besides the luminosity distance d L , which gives the ratio of the apparent and the absolute luminosity of an astrophysical object, we consider the photon flux distance d F , which is not calculated from the energy flux in the detector, but from the photon flux, which is experimentally easier to measure. The photon count distance d P is based on the total number of photons arriving at the detector as opposed to the photon rate. The so-called deceleration distance d Q has been introduced in [26] without having an immediate physical meaning, but in return a very simple and practical dependence on the deceleration parameter q 0 . Finally, the angular diameter distance d A was defined in [19] as the ratio of the physical size of the object at the time of light emission and its angular diameter observed today. To completely determine the distance expansions, we still need to calculate r 0 . It is defined as the distance r a photon travels from a light source at r = r 0 to our position at r = 0. It is defined as
We can calculate this quantity by inserting the power series expansion for the inverse of the scale factor and integrating each term in the sum separately. Finally the results are used to complete the calculations of the cosmological distances in terms of the redshift z. We report in Appendix A 1 the expansions of all the distances in Eqs. (5) in terms of z. These results can be compared with those of [29] , in which the authors truncated the series at a lower order. In particular, they claimed the need of using all the distances for a cosmographic test. In principle, this may be true, because all the various cosmological distances rely on the fundamental assumption that the total number of photons is conserved on cosmic scales. Hence, there is no reason to discard one distance for another one, since all of them fulfill this condition. Unfortunately, there exists a duality problem plaguing such distances [39] . This problem is so far an open question of observational cosmology [40] . On the other hand, it has been suggested that the luminosity distance d L is fairly well adapted to the cosmological data used in combined tests with supernovae Ia and HST [41] [42] [43] . Even though this topic is still object of debate [44] , unlike Cattoen and Visser [29] we limit our attention to d L only. We motivate this choice with the above considerations on the good adaptation of d L to the data, and with its general use in literature [45] .
There are two main problems arising in the context of cosmography. In principle, the Taylor series is expected to diverge at z ≥ 1. This is a consequence of the fact that we are expanding around z ∼ 0 and so when z > 1, we get problems with convergence. Moreover, the finite truncations we made represent only an approximation of the exact function, giving therefore possibly misleading results. Thus, while the second problem can be alleviated by expanding to higher orders in adding more coefficients, this measure can introduce divergences into the analysis. These issues are intimately connected to the problem of systematic errors. In fact, if errors are large enough, it is possible that bad convergence may afflict the numerical results.
We improve the accuracy of our work by using the Union 2 compilation, which reduces the problem of systematics, easing the second problem. On the other hand, in order to overcome the first issue, different parameterizations of the fitting functions can be taken into account. The idea is to carry out the expansion with a different variable which is used ad interim and is constructed to be limited in a more stringent interval. While z ∈ [0, ∞], a new variable should for example be restricted to the interval [0, 1].
A fairly well-known possibility is represented by the variable
frequently used in literature [26, 27] . The limits in the past Universe, i.e.
Immediately we notice that y 1 can be expanded as z before as y 1 = y 1 (H 0 ∆t); then, it is feasible to invert it, having H 0 ∆t in terms of y 1 . Then, we can express the distances as functions of y 1 (for the results, see Appendix A 2). Furthermore, we propose a way to construct other viable parameterizations of the redshift variable. To this end, we introduce below three new propositions, namely y 2 , y 3 and y 4 , as
, 0] and in which we used the definition of the scale factor, i.e. a ≡ (1 + z) −1 . We adopted the arctan in the parameterizations of y 2,4 because it behaves smoothly and it is suited to give welldefined limits at z → ∞. On the contrary, y 3 is a polynomial in z; so apparently, we would not expect it to lead to significantly different fitting behavior, but just to represent an alternative worth investigating. Equations (8) can be expanded into Taylor series for z ≪ 1, and then be inverted for y 2,3,4 in order to give an expression for H 0 ∆t(y 2,3,4 ), up to sixth order. Then the distances as functions of y 1,2,3,4 can be calculated as well (results see Appendices A 3-A 5).
By definition, all these parameterizations are built up to avoid divergences at z > 1. Thus, one can wonder whether all of them turn out to be equally suitable for constraining the CS. The answer can be partly predicted by comparing the supernova data of the luminosity distance, as in Fig. 1 , for z and y 1,2,3,4 . The worst example is clearly the redshift y 3 . Its definition suggests that it scales down more quickly, compared to the redshift z, as can also be seen in Fig. 1 . This means that a region of z ∈ [0, 1.5] is reduced to a much smaller interval y 3 ∈ [0, 0.5]. Thereafter, we expect that, when the curve bends too quickly, the fits become more difficult. It follows that, as the curve trends become more extreme, a suppression of lower redshifts to the advantage of higher ones can occur. In other words, z ∈ [0, 0.5] weighs less than z ≥ 0.5; therefore, we guess that y 3 would work better if all the cosmological data were for z ≫ 1.
As it can be seen in Fig. 1 , the luminosity distance curves of data points over redshift are slightly flexed, becoming steeper towards higher redshifts. Also the redshifts y 1 , y 2 and y 4 lead to steeper curves than z, however, redshift y 3 behaves the most extreme. According to the cited criteria, y 3 is the least suitable of redshift notions. This conjecture is also backed by the fitting results, which confirm that y 3 does not work well in the application to SNeIa data. Another disadvantage of y 3 is that it does not have a uniquely defined inverse. For these reasons, we decided to take it out of the analysis. Through similar arguments, we remove the second-worst redshift, y 2 , as well. Summing up, in order to contrive a viable redshift parametrization, the following conditions must be satisfied:
1. The luminosity distance curve should not behave too steeply in the interval z < 1.
2. The luminosity distance curve should not exhibit sudden flexes.
3. The curve should be one-to-one invertible.
From Fig. 1 , we notice that the last introduced redshift y 4 , although still producing a steeper curve than z, is expected to work better than y 1 . Thus, the rest of the analysis, including further calculations and fittings, is carried out for the redshifts z, y 1 and y 4 .
III. THE FITTING PROCEDURE AND THE COSMOGRAPHIC RESULTS
In Sec. II, we explained how to construct viable cosmological parameterizations to alleviate the problems associated to cosmography. To this end, we introduced y 4 and we investigated its theoretical viability to fit the cosmological data. We now have all the ingredients to develop a MCMC procedure to find cosmographic constraints for the CS, using the three redshifts z, y 1 and y 4 for the fitting analysis. We will include the sixth order of the CS, i.e. m 0 , and particularly focus on the following aspects:
• We investigate whether redshift y 4 is actually suitable to obtain accurate values of the CS, as theoretically predicted, and we explore the ranges of low and higher redshifts; • We analyze how well the introduced CS parameter m 0 can be constrained, in particular, we examine whether its introduction significantly enlarges the dispersion of the estimation of the other parameters;
• We find out if the concordance model, i.e. ΛCDM, is in agreement with the cosmographically found numerical results.
For our purposes, we use the data of the SNeIa Union 2 compilation by the supernovae cosmology project [42] . We also adopt the HST measurements on 600 Cepheides, which impose a Gaussian prior on the Hubble parameter today of H 0 = 74.0 ± 3.6 km/s/Mpc [46] , and the measurements of the Hubble parameter H(z) at twelve different redshifts ranging from z = 0.1 to z = 1.75 [47] . We divide our analysis into two sets of observations, namely set 1, which comprises Union 2 together with HST, and set 2, being the Union 2 dataset with both HST and H(z) measurements. For the sake of completeness, it is in order to cite recent works using gamma ray bursts (GRBs) as possible distance indicators [32, 33, 48] . However, considering GRBs in such analyses is mere speculation, since GRBs are not standard candles [49] . This approach seems to result in wrong estimations, or at least inadequate results. It will be shown that our results differ from those obtained by using GRBs; we will show a set of results in better agreement with ΛCDM than those obtained by using GRBs, which points to an inadequacy of the use of GRBs in cosmography. We also exclude observation data from baryonic acoustic oscillations from our analysis; we deem that introducing baryon acoustic oscillations means reducing the model-independence of the whole analysis [50] .
In the following, we will use the CS combined together in three sets with different maximum order of parameters:
We expect a slower convergence of the last dataset, since the introduction of m 0 can decrease the accuracy of convergence. To constrain the parameters, we use a Bayesian technique in which the best fits are those maximizing the likelihood function L ∝ exp(−χ 2 /2). Since the different observations are not correlated, the function χ 2 is simply given by the sum
. We explore the space of parameters with a MCMC approach, modifying the publicly available code CosmoMC [36] . We do the analysis for the three sets' parameter space, for the two sets of observations, and for each of the three considered redshifts. Accordingly, we perform 18 different constraint parameter analyses. To obtain the posterior samples we assume flat priors over the intervals −6 < q 0 < 6, −20 < j 0 < 20, −200 < s 0 < 200, −500 < l 0 < 500, and −3000 < m 0 < 3000.
In Tables I, II , and III we show the best fits and their 1σ-likelihoods for the redshifts z, y 1 and y 4 respectively.
In Fig. 2 we compare the 1-dimensional marginalized posterior distributions for each parameter and each redshift for set 2 of observations. We note that the parameters l 0 and m 0 are not well constrained when using the redshift y 1 . By introducing y 4 it is possible to overcome this issue, obtaining good results on l 0 and m 0 as well. As expected, the redshift z appears to be statistically more favored than y 4 . We confirm what we conjectured in Sec. II: the sixth order of the Hubble expansion in z works better than any other parametrization, if z ≤ 1. Nonetheless, y 4 should be taken seriously as a possible alternative to y 1 , when z ≥ 1. Similar conclusions have been drawn for the set 1; see Tables I, II , and III. The only caveat is that for set 1 the results appear to be less accurate as in the previous case. We proceed to determine if the introduction of the parameters l 0 and m 0 is convenient. To this end, in Fig. 3 we plot the first four CS parameters' posterior distributions for the three parameter sets, comparing their statistical widths. We note that the dispersions are enlarged considerably when we add the l 0 parameter; however, introducing m 0 does not substantially broaden the posterior distributions; besides, the standard deviations of the posteriors are in a proportion 1 : 2.28 : 1.92 for j 0 and 1 : 5.66 : 8.38 for s 0 . In Fig. 4 we present the summary of the results for the redshift y 4 and parameter set C by plotting the 2-dimensional contours and the likelihood samples. 
IV. THE CONNECTION BETWEEN THE CS AND THE EOS OF THE UNIVERSE
In Sec. I, we outlined that an expression for the EoS is naturally associated to each cosmological fluid in a given cosmological model; in particular, in thermodynamics the EoS characterizes the properties of such a fluid. Under the assumption of a specific gravitational model, the quest of understanding the expansion history of the Universe is equivalent to reproducing the correct EoS during different phases. Many physical mechanisms are hidden in the EoS parameter ω. Finding the correct EoS has thus high importance in cosmology, because it offers a key to understanding the micro-physics associated to DE and/or DM. In this section we will assume that General Relativity gives a correct description of gravity at the scales under consideration.
Under the hypotheses of cosmography, we cannot a priori assume an EoS of the Universe, because we were not specifying any particular cosmological model at the beginning. We recall that the EoS of the Universe is given by ω = i P i / i ρ i , where the subindex i refers to the different fluids that the Universe comprises. Hence, to evaluate ω, one needs to know the total pressure, P = i P i , and the total density, ρ = i ρ i . Even though we do not assume any EoS explicitly, it is possible to expand the pressure in terms of the cosmic time or redshift variables, i.e. z, y 1 , y 4 . By expanding the pressure into a series, it is possible to predict the values of its derivatives with respect to the cosmic time or the redshift variables. In fact, one can relate the derivatives of P to the CS; therefore, by substituting the values of CS in terms of these derivatives into the luminosity distances we are able to directly fit the parameters of the EoS of the Universe from luminosity distance data.
The reason of constraining the pressure derivatives lies in the possibility of discriminating among models; in principle, a model which does not satisfy such bounds can be easily discarded. The expansion of P in terms of the cosmic time is formally given by
where y i = z, y 1 , y 4 . By truncating the series at the fourth order, and the continuity equation
and the Friedmann equation H 2 = 1 3 ρ, we can write down an explicit dependence of the pressure and the coefficients
dt k on the CS as follows
where we evaluated the derivatives up to the order of m 0 . We list the coefficients
in Appendix C. For completeness, we write down the transformation laws between z, y 1 , y 4 and the cosmic time t, i.e.
→ − cos y 4 (cos y 4 + sin y 4 )H ∂ ∂y 4 .
5 Here in Eqs. (12) we are considering In addition, by using Eq. (11) 
A
. Fitting the EoS
In this subsection, our goal is to obtain constraints on the EoS and the pressure derivatives by inverting Eqs. (12b) -(12f) and by rewriting the luminosity distance as a function of ω 0 ,
In other words, we use Eqs. (12b) -(12f) and (14) , indicated henceforth by
to express the vector CS ≡ {q 0 , j 0 , s 0 , l 0 , m 0 } as a function of the EoS parameter and the pressure derivatives, CS = CS(ω 0 , P 1 , P 2 , P 3 , P 4 ). The purpose is to plug those results into the expressions for the luminosity distance in order to find numerical best fit values of the new set of parameters, using d L = d L (ω 0 , P 1 , P 2 , P 3 , P 4 ) in the numerical analysis. In principle, there exists also an alternative procedure, which consists in taking the results already obtained for the CS and to propagate the errors through Eqs. (12b)-(12f), without performing another fitting procedure. But in choosing this way, we would face an unacceptable increase in the errors, as opposed to the direct fit of {ω 0 , P 1 , P 2 , P 3 , P 4 }. Thus, in order to reduce the error propagation, the simplest and most straightforward way is to evaluate the coefficients by a direct fit of the luminosity distance. The search for the best-fit values for the new set of parameters is performed by using the procedure of MCMC simulations developed in Sec. III.
For statistical reasons, we choose set 2 of observations, which is more complete and suitable for this kind of fit. The explicit expressions for the luminosity distance in terms of the different redshift parameters are reported for completeness in Appendix D. As in Sec. III we limit our analysis to d L . Figure 5 shows the obtained marginalized posteriors and in Tab. IV we present the summary of the results. We observe the same hierarchy of redshifts as in analysis of Sec. III; meaning that our new "redshift" introduction, y 4 , appears to be statistically favored with respect to y 1 . 
B. Comparison with models
The results found by fitting the EoS show no conclusive evidence for a pressure varying in time, as shown by the 1σ confidence levels in Tab. IV. This means that a negative constant pressure model is favored for depicting the cosmic speed up. Thus, the only two models accounting our results appear to be the concordance model and the vanishing speed of sound model (VSSM), proposed in [24, 30] . Their EoS parameters (neglecting radiation components at late times)
, for ΛCDM and VSSM respectively. They imply w 0 ≃ −0.73 nowadays, by using the values of Ω m ≃ 0.27 and Ω X ≃ 0.78, ξ ≃ −0.025. These results have been confirmed by the present analysis.
Using set 2 of observations we worked out the ΛCDM model, which is for our purposes and the redshifts involved sufficiently described by the two parameters {Ω m h 2 , θ}. The philosophy is to estimate Ω m h 2 and θ by the Monte Carlo simulation and then substitute it into the CS in the ΛCDM model. To evaluate the CS for ΛCDM we use Eqs.
(4) with H = H 0 Ω m (1 + z) 3 + 1 − Ω m , yielding
Any significative tension between the CS values obtained in this way and the values derived before using cosmography would be an indication of the validity of a different theory, other than the concordance model. Table V gives the summary of the likelihoods of the estimated and derived parameters. Comparing these values with the ones obtained for models A, B and C we note that all our results are compatible with the ΛCDM model within the limits of error. Now, we want to factorize the effects of DE by assuming a cold dark matter model, for which the Friedmann equation is given by where G(z) models the corresponding DE term. We want to obtain constraints on G(z) and its derivatives with respect to redshifts for the present time z = 0. To this purpose we calculate the derivatives of the Hubble parameter as stated above with respect to the redshift and equate the results to the derivatives of the Hubble parameter in terms of the CS. Thus we obtained the derivatives of G(z) with respect to z (results see Appendix E). The same has been done for the redshifts y 1 and y 4 . We can now use the numerically obtained values for the CS and the value Ω m = 0.274
+0.015
−0.015 obtained by the WMAP7 collaboration [20] to calculate the G (k) (y i ) and, by error propagation, their 1σ error bars. The results can be found in Table VI . With these values it is possible to investigate the compatibility of a model of dark energy characterized by the function G(z) with the observational data at present time. The value of G(z) evaluated today can be estimated by the flat space condition, which implies G 0 = G(z = 0) = 1 − Ω m or, assuming Gaussian distributions, G 0 = 0.726 Table VI , we conclude that our results are consistent with a constant function G(z) = Ω Λ , which is the case of the ΛCDM model, or the case of an emergent constant as shown in [24, 30] .
V. CONCLUSIONS
In this work we emphasized the importance of constraining the Universe dynamics through the use of a model-independent procedure, which does not a priori assume the validity of a particular cosmological model. In other words, we used the so called cosmography, sometimes also referred to as cosmokinetics, to investigate the Notes. H 0 is given in Km/s/Mpc. Here h is defined through the relation H 0 = 100 hkm/s/Mpc, and θ is the ratio of the sound horizon to the angular diameter distance at recombination.
kinematics of the Universe. By following [29] , we performed an analysis combining theoretical derivations of cosmological distances and numerical data fitting, using the Union 2 compilation, together with the HST and the H(z) samples. For the fitting, we introduced new parameterizations in addition to the conventional redshift z to express the cosmological distances, underlining their importance to avoid divergences at high redshifts and to increase the accuracy of the analysis. Moreover, we proposed prescriptions to build up new viable parametrizations, able to overcome these issues. We considered three further parameterizations, predicting that only one is really a viable option for fitting. (1σ) for the derivatives of G(yi) for the three redshifts z, y1, y4 , evaluated at t = t0, using set C of parameters and set 2 of observations (union 2 + HST + H(z)).
Parameter
Best Fit for z (1σ) Best Fit for y1 (1σ) Best Fit for y4 (1σ) By using the luminosity distance, i.e. d L , in terms of the standard redshift z, of the alternative parametrization y 1 ≡ z 1+z and of the newly introduced y 4 = arctan(z), we obtained bounds on the cosmographic series. We moreover showed that there was no physical reason to use other notions of cosmological distances than the luminosity distance for evaluating bounds to the CS, as instead previously reported in [29] . The reason for this lies in the fact that d L is adapted the best to the cosmological data under consideration. Then, we also showed that the most successful parametrization, apart from z, is represented by y 4 , as theoretically predicted in Sec. II.
We carried out our fits up to the sixth order in the CS, introducing a further cosmographic parameter, namely m 0 . In addition, we showed that fitting m 0 together with q 0 , j 0 , s 0 and l 0 , is quite feasible to improve the accuracy of the analysis by fixing more stringent limits on the CS, as opposed to the expectation that an additional fitting parameter would significantly broaden the posterior distributions.
The analysis was done for three different sets of parameters (including parameters of the CS with different maximum order) and two different sets of observational data. We essentially found that our numerical results appear to be fairly well in agreement with a constant pressure associated to the fluid driving the cosmic acceleration. At first sight, this fluid could be obviously thought to originate from a cosmological constant, as depicted in the standard concordance model. Meanwhile, our constraints would be able, in future developments, to discard different classes of models, which do not satisfy the numerical bounds.
In addition to the numerical fits for the CS, we proposed a way to constrain both the EoS of the Universe as a whole and the derivatives of pressure, by fitting them directly from the luminosity distance, up to the order of the m 0 coefficient. In other words, we rewrote d L in terms of the EoS parameter and the pressure derivatives and performed another MCMC analysis. To achieve this, it is necessary to depart from model independent cosmography by assuming a specific gravitational theory. We choose General Relativity as valid, and make use of the Friedmann equations. The corresponding results lead to a set of pressure derivatives compatible with zero within the 1σ error propagation. Moreover, the EoS parameter ω is compatible with the one predicted by ΛCDM,i.e. ω = −1/(1 + Ω m /Ω Λ a −3 ), obtaining ω 0 ≃ −0.73. Even through the pressure derivative results seemed to confirm ΛCDM, they also left open the possibility that the viable model does not necessarily feature a cosmological constant, but dark energy with constant pressure and a varying barotropic factor, i.e. the VSSM model (as proposed in [24, 30] ). In this model, which does not involve a cosmological constant, the predicted bounds are in agreement with our fitting results. Unfortunately, the strong degeneracy with ΛCDM in fitting data leaves open the question of which model is theoretically the favored one.
Future perspectives in this direction include using more accurate datasets and constraining the analysis at higher redshifts, in order to obtain limits able to discriminate among the two paradigms. We expect that this could give further insight into the issue of inferring the correct cosmological paradigm, employing a modelindependent procedure, which does not need to specify a model a priori. We begin with the results for the cosmological distances for the conventional redshift z, starting with luminosity distance,
the photon flux distance, the photon count distance, 
Redshift y1
Here we give the results for the distances in terms of y 1 , first for the luminosity distance, the photon count distance, 
Redshift y2
The cosmological distances are given in terms of y 2 -luminosity distance, 
Redshift y3
These are the results for the cosmological distances in terms of the third redshift, y 3 , beginning with the luminosity distance, In this section we give the expressions for the pressure in terms of the three redshifts, and also its derivatives with respect to these redshifts, evaluated at present cosmic time t 0 , which is equivalent to z = y1 = y 4 = 0. 3 ) − 2 2P 4 − 5P 3 (7 + 9ω) + P 2 (343 + 954ω + 675ω 2 ) + + 108P 1 (−20P 2 + P 1 (169 + 225ω)) .
Appendix E: Derivatives of G(z)
Here we report the results for the derivatives of the function G(z), which characterizes the equation of state of dark energy in a specific model, evaluated at present time, for the three redshifts under consideration.
The derivatives with respect to redshift z at z = 0 read 
